
STOCHASTIC MECHANISM OF BROADENING SPECTRAL DENSITY  

OF SYNCHROTRON RADIATION OF RELATIVISTIC ELECTRON 

A.S. Mazmanishvili 

National Science Center  “Kharkiv Institute of Physics & Technology” 

Kharkiv, Ukraine 

E-mail: mazmanishvili@gmail.com 

INTRODUCTION 

It is known [1, 2] that in problems of quantum electrodynamics there are not so many examples that have a complete and exact solution. At the same 

time, the problem of finding the photon field emitted by a classical current, for example, a relativistic electron in a circular orbit in a uniform magnetic field, 

is an example of a completely solvable physical problem. A large number of works are devoted to synchrotron radiation (SR) of an ideal electron [3, 4]. 

There are known expressions describing the spectral properties of SR. The properties of SR of relativistic electrons, first of all, include its unconditional 

reproducibility and metrological calculability. Practical use of SR as a calibration radiation source makes it necessary to study both the reasons that can 

distort the ideal SR density and the degree of distortion. The paper considers fast fluctuations accompanying the motion of an electron during emission of SR 

quanta and leading to the formation of a contour of each SR harmonic and its broadening. The joint broadening of the set of harmonics causes broadening of 

the SR spectrum as a whole. An example of the numerical calculation for the formation of the final SR spectral density of a relativistic electron with energy 

of 100 MeV is presented. 

THEORETICAL MODEL 

Below we will consider the field of photons emitted by an essentially classical distribution of electric current, which does not undergo a reverse 

reaction during radiation. Such a current can be represented as a vector function of coordinates and time ),( trj


.  

Unlike the ideal case of circular motion of an electron in a uniform magnetic field with the Larmor frequency 1 , the real motion will never be 

monochromatic. In the ideal case the Hamiltonian 1H  of the first Larmor's harmonic of the field will have the form 

)()( 1111 tataH   ,          (1) 

and the time-dependent field operators )(1 ta  and )(1 ta  are specified in the absence of perturbations through the time-independent operators 1a  and 

1a : 

)exp()( 111 tiata  ,  )exp()( 111 tiata   .  



Here we assume that the influence of interactions that violate the harmonic behavior of the oscillating field can be taken into account by adding to 

Hamiltonian 1H  (1) a term 111 )( aatfH f

  , which depends on a random function of time. Then, for the total Hamiltonian 1

~
H  of the first radiation mode, 

we obtain fHHH 111

~
 . Since the stochastic Hamiltonian fH1  commutes with 1H , we can consider the Schrödinger equation [1] 
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for the unitary operator ),( ttU f
  that obeys the initial condition 1),(  ttU f . His solution is  
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If, due to the classical nature of the current ),( trj


, the field at the initial moment of time t 0  was in coherent state 0 , then at the moment of time t  

this state will be 
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Here we assume that the random function )(f  is a stationary Gaussian process with  -shaped time correlate operator. Let us find the spectral density 

)(1 w  of the average number of photons in the Larmor's mode 
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From (5) it follows that the main contribution to the broadening of the line contour will come from that )(* tf  part of the process )(tf  for which its 

correlate operator contains the  -function  
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where   is the diffusion coefficient. Property (6) is possessed, in particular, by such stochastic processes as the scattering of electrons with each other, as 

well as fluctuations caused by the emission of SR quanta [3]. For the latter, you can get  
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where   is the orbital densification coefficient, E  is the electron energy, R  is the radius of curvature of the orbit, R  is the average radius, 2

q  is the 

average square of the energy of the emitted quanta, s  is the damping coefficient of synchrotron oscillations, N  is the frequency of emission of quanta. 

From here we can write 
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where   is the relativistic factor,   is the Compton wavelength of the electron, n  is the decay rate of the guiding magnetic field. Now, for the spectral 

density of the average number of photons )(1 w  in the Larmor's mode, after integration into (5), we obtain the Lorentz line contour 
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in which 1w  is the total number of photons in the mode. The contour (9) of the first mode has a width 11    proportional to diffusion coefficient  . 

In the absence of stochastic perturbations of the ideal equilibrium orbit of an electron, the spectral line profile of the first Larmor's mode has zero 

width. From (9) it follows that phase fluctuations leave the total radiation power 1w  in the Larmor mode unchanged, having a noticeable effect on its spectral 

composition. Similarly to the spectral analysis of the first mode, one can consider the contour of the m -th harmonic of the radiation. We write the 

Hamiltonian mH
~

 of the m -th harmonic of the field in the form  

 )(1)()( 
~
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where 1 mm   is the central frequency of the m -th mode. Then, for coherent state m , we write 
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which leads to the integral for the spectral density  
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Note that in (12) the quadratic in the mode number m  is due to the normal property of the considered noise )(tf . After transformations, we get  
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where mw  is the number of quanta stored in the m -th mode. In (13), the Lorentz contour of the m -th mode is concentrated around the frequency 1 mm   

and has a linewidth 2

1mm   . With the average number of quanta 
mw  in the mode, they are statistically independent and distributed according to 

Poisson's law. 

In the ideal case 0 , the spectrum of the SR photon flux is described by a set of a large number of harmonics with zero width each. Their multitude 

extends to the region of harmonics with a critical number 2/3 3cm  and further, which corresponds to the critical frequency 1 cc m . Since 1cm , to 

describe the ideal SR spectrum, it is customary to use a function )(W  that describes the envelope of the specified set of harmonics [3]. 

In the presence of perturbations, the resulting spectrum )(W  of the SR photon flux should be the result of the convolution of an ideal spectrum 

)(W  with an inhomogeneous Lorentzian kernel  
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where B  is a factor depending on the parameters of the system. Result (14) can be written in a form, in which the integral contribution of the broadening of 

all modes spectral contours to the resulting SR spectrum is more clearly seen,  
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In the absence of perturbation, by passing to the limit 0 , we can obtain from (15) an expression for the ideal SR spectral density )(W , which 

corresponds to the set of all harmonics with a line contour of the type  1 m  each,  
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Let us present the result of a numerical calculation of the spectral density of the number of emitted SR quanta in the range of frequencies adjacent to 

c , for the N-100 KIPT electron storage ring [5]. Installation parameters: E =100 MeV, 1 =94.8 MHz,  =196, R =50 cm, R =91 cm, с = 151007.1  Hz, 

n = 0.27. 

 
Fig. 1. The ideal spectral density )(W  at 0  (dotted line) and the resulting density )(W  (solid line), B  is taken equal to 1 

The densities )(W  and )(W  are shown in Fig. 1. At the frequency c  , the resulting spectrum )(W  is 74% of the spectrum )(W . At higher frequencies 

( c 3 ) )(W  exceeds )(W  due to Lorentz broadening (see Fig. 2).  

In this case, the integral radiated energy to the SR remains unchanged. The asymptotic behavior )(W  of the frequency can be approximated by the dependence 
2 , which 

follows from (15).  



Note that additional averaging of the spectrum )(W  over the energy distribution of electrons in the beam will not change the exponential decay of the photon spectrum in the 

threshold region 
c . 

 

Fig. 2. Ratio of ideal spectral density )(W  to density )(W  

DISCUSSION 

The relativistic electron emitting in a magnetic field can be associated with the model of a multimode regular resonator, in which the number of modes is large reaching 
3  or more. 

The energy i  of the emitted quantum and the moment it  of its emission are not related in any way. Therefore, these quantities can be considered as independent random variables. They 

satisfy the requirements of the central limit theorem [3, 6]. In this case, the mechanism for the formation of the spectral contour of the radiation in the first mode was developed [1, 2] and 

can be extended for a mode with an arbitrary number, as well as their combination. 

CONCLUSIONS 

The orbital revolution of electrons is accompanied by fast fluctuations arising from the emission of SR quanta. This leads to the broadening of the contour in the Larmor mode and in 

each of the SR harmonics. The result of joint broadening of the set of harmonics causes distortion of the spectrum, that is, broadening of the synchrotron radiation spectrum as a whole in 

the frequency range adjacent to and exceeding the critical radiation frequency с . The integral radiated energy to the SR remains unchanged., Spectral density in the frequency range 

с  remains stable and stationary, in the region с   it decreases. In the range of frequencies с  exceeding the critical one it increases. 


